Here, we derive expressions for the magnetic small-angle neutron scattering (SANS) cross section of magnetic nanoparticle ensembles under consideration of a magnetic structure factor. We show that for structurally disordered ensembles with correlated particle moments the magnetic structure factor is in general (i) anisotropic also in zero field, and (ii) that in saturation the magnetic structure factor deviates from the nuclear one. These theoretical predictions allow to explain our experimental, polarized SANS data of an ensemble of weakly interacting iron oxide nanoparticles.
Magnetic small-angle neutron scattering (SANS) is a powerful technique to reveal the spatial magnetization profile of nanostructured systems [1] , such as nanocrystalline ferromagnets [2] [3] [4] [5] , nanowire arrays [6] [7] [8] [9] , spin glasses [10] , ferromagnetic clusters in alloys [11, 12] , magnetic recording media [13] , and 3D nanoparticle assemblies [14] [15] [16] , nanogranular films [17] [18] [19] [20] , ferrofluids [21] [22] [23] [24] [25] [26] [27] [28] [29] and magnetic nanoparticles in general [30] [31] [32] [33] [34] .
Regarding magnetic nanoparticles, it is usually assumed that they are homogeneously magnetized (i.e. each single-domain particle acts as a dipole with a net moment µ) and thus that the magnetic cross sections | M | 2 can be described by the magnetic particle form factor amplitude F (q) [35] . In the case of closely packed and therefore interacting nanoparticle ensembles, it is customary assumed that the magnetic structure factor in SANS (arising from moment correlations) is identical to the nuclear structure factor, which is determined by the spatial particle arrangement [16, 22, 24-27, 30, 36] . In this contribution, we show that this assumption is not true in general and that the magnetic structure factor can deviate significantly from the nuclear structure factor.
The discrepancy can be explained in terms of spin-pair correlation functions, which were introduced for atomic magnetic moments in magnetic neutron diffraction, and which allow to describe the magnetic diffuse scattering of magnetically disordered materials with short-range correlations [37] [38] [39] [40] [41] .
In this work we extend these calculations to correlated particle moments observed by SANS. The approach is inspired by a similar decomposition of scattering components performed in X-ray cross-correlation analysis to provide information on the local arrangement of disordered systems [42] . The theoretical framework introduced here has important consequences on the interpretation of diffuse magnetic neutron scattering from dense magnetic particle system observed on a 2D detector array. The findings of the anisotropy of the magnetic structure factor should be also taken into account for x-ray resonant scattering of magnetic nanostructures [43] [44] [45] .
Recently, extensive use was made of spin-resolved, longitudinal neutron-spin analysis in SANS (POLARIS) [46] to study assemblies of magnetic nanoparticles [9, 12, 16, 31-35, 47, 48] . The technique allows analyzing the threedimensional spatial distribtution of magnetic moments. Here, in particular the two-dimensional (2D) spin-flip (sf) scattering cross section I sf (q) is of interest as it exclusively contains magnetic scattering contributions.
The investigated sample was a powder of nearly monodisperse but interacting 10-nm iron oxide particles. Details regarding the synthesis and characterization of the iron oxide particles can be found in [48] . A representative transmission electron microscopy (TEM) image of the particles is shown in Fig. 1(a) . They are spherically shaped and nearly monodisperse with a mean core size of D TEM = 9.7 nm. Fig. 1(b) displays the isothermal magnetization curve M (H), normalized to the saturation magnetization M s of the particle powder at 300 K. From this we surmise that the particles are homoge- • sectors around Θ = 90
and the purely nuclear scattering intensity of the particle powder.
neously magnetized single-domain but magnetometry revealed additionally a significant influence of dipolar interactions [48] . Analysis of the radially averaged, 1D SANS data I sf (q) at low field suggested the presence of directional correlations between nearest neighbor moments with a clear preference for an antiferromagnetic-(AFM)-like coupling. In the following, we will further analyze these data.
The POLARIS experiment was conducted at 300 K at the instrument D33 [49] at the Institut Laue-Langevin [50] . The spin-leakage correction was performed with GRASP [51] from which we obtained the spin-flip cross section I sf (q, Θ). We used a mean wavelength of λ = 0.6 nm (∆λ/λ ≈ 10 %) and two different detector distances (13.4 m and 3 m), yielding a corresponding q-range of 0.07 − 0.77 nm −1 . The magnetic field H e z at the sample position was applied perpendicular to the wavevector k 0 e x of the incident neutron beam. The minimum field strength to provide a sufficient guide field and to maintain the polarization of the neutrons was µ 0 H = 2 mT, and the maximum field strength we could apply without depolarizing the 3 He-cell was µ 0 H = 1 T. The spin-flip (sf) scattering cross section (for H ⊥ k, with H||e z , k||e x ) is given as:
transforms of the magnetization in the x-, y-and zdirections, and * indicates the complex conjugate. In case of statistical isotropy of the M y -components the cross term, uneven in the trigonometric functions, is zero since there are no correlations between the longitudinal magnetization and the transversal magnetization component. The angle Θ is enclosed between the magnetic field H and the scattering vector q = (0, q y , q z ).
At magnetic saturation, the transversal magnetization components are suppressed, such that I sf shows a sin 2 Θcos 2 Θ anisotropy proportional to the longitudinal magnetization M z . By contrast, when all magnetization components are equivalent, the spin-flip scattering cross section simplifies to I sf ∝ | M | 2 (1 + cos 2 Θ), which holds true e.g. for an ideal superparamagnetic ensemble in zero field. Fig. 2(a) shows the scattering pattern I sf (q, Θ) (composite of the two patterns detected at the two detector distances), which was obtained for µ 0 H = 2 mT and Fig. 2(b) displays the radial average I sf (Θ). The scattering anisotropy obeys a (1 + cos 2 Θ) behavior, which indicates a random moment distribution (Eq. 1,
. This agrees well with the isothermal magnetization curve ( Fig. 1(b) ) where we detected M/M S ≈ 0 at µ 0 H = 2 mT. Assuming a homogeneous magnetization within the individual spherical particles, we would expect for the functional form of I sf (q) in case of no correlations between the randomly oriented particle moments the form factor of a sphere. But as shown in Fig. 2(c) , the cross section | M x | 2 deviates from the form factor and exhibits a pronounced peak at around q = 0.12 nm −1 . The decrease for q → 0 is explained by anticorrelations between neighboring particle moments, i.e. a tendency for an antiferromagnetic-like alignment, due to dipolar interactions [48] . We plot in Fig. 2(c) 
The difference between both, which is | M y | 2 , has a different shape and does not decrease for q → 0. Considering that on average the particle moments are randomly distributed this discrepancy can be only explained by the anisotropy of the magnetic structure factor, i.e. a different functional form for the in-beam component compared to in-plane components.
In Fig. 2(d) we plot I sf (q, Θ) detected at 1 T and Fig. 2(e) shows the radial average I sf (Θ). In this case the functional form is proportional to sin 2 Θ cos 2 Θ plus a constant background, which shows that at 1 T the moment ensemble is preferentially aligned along z-direction (i.e. M z M x and M y ). This agrees well with the isothermal magnetization curve from Fig. 1(b) , which was close to magnetic saturation at 1 T with a normalized magnetization of 0.966. Fig. 2 (f) displays | M z | 2 , which we obtained by integrating I sf (q, Θ) in 10
• sectors along the diagonals. It can be seen that | M z | 2 significantly deviates from the cross sections detected in low field (2 mT), which is precisely due to the positive correlations (i.e. parallel alignment) of the neighboring particle moments at high fields. In Fig. 2(f) we plot additionally the purely nuclear cross section, which we obtained from the nonspin-flip cross section [48] , and it can be easily seen that the low-q behaviour significantly deviates from | M z | 2 . This reflects the drastic difference between the nuclear structure factor and the magnetic structure factor.
These experimental findings can be explained in terms of spin-pair correlation functions. Here, we focus on the spin-flip scattering cross-sections, the same approach can be easily extended to the non-spin-flip, half-polarized and unpolarized scattering cross sections. The spin-flip scattering cross section due to an arrangement of magnetic moments at position r i can be written as [52] 
where V denotes the scattering volume, and b H = 2.91 × 10 8 A −1 m −1 is the atomic magnetic scattering length. To deduce the magnetic structure factor, i.e. the interparticle interference of magnetic scattering in a dense particle ensemble, the relative orientation of q to the distance vector r = r i − r j connecting two particles has to be known. In the diffraction literature, where one is only interested in the diffuse scattering signal as a function of the scattering vector magnitude q, the orientational average over a spin system is obtained by rotating q around a local coordinate system given by r [40] . In contrast, here we define the the distance vector with respect toFIG. 3: The angles Θ denotes the orientation of the momentum transfer vector q in the detector plane spanned by e y -e z and the pair of angles (Ψ, ω) defines the orientations of the distance vector r with respect to q and the tilt away from the detector plane, respectively.
as (see Fig. 3 )
with ω being the tilt angle of r away from the detector plane and Ψ being the angle between the scattering vector q and the distance vector r. This definition allows to determine the scattering cross section observed on a 2D position sensitive detector as used in SANS. The scalar product between scattering vector and distance vector is q · r = qr cos ψ such that the phase factor in Eq. 2 simply reads exp(−iqr) = exp(iqr cos Ψ). For a direction of r ⊥ q, e.g. along the beam direction, no information on distances and the arrangement can be gained, since cos Ψ = 0 and the phase factor exp(iqr cos Ψ) = const. It is important to understand, that in SANS actually not the 3D correlations are determined, but the twodimensional projection with q x = 0 and hence an integration over the beam direction is implicitly performed [53, 54] . All vector quantities (i.e. q, M and the Halpern Johnson vector Q =2 (q · M) − M) are decomposed into parallel and perpendicular components with respect to the distance vector r, e.g. for the scattering vector q = q r + q ⊥r with q r = (q · r) r and q ⊥r = q − q r . In Eq. 2, products of the magnetic scattering vector components (like Q * y Q y ) appear. The identity Q * y Q y = Q · Q y e y = Q r · Q y r + Q ⊥r · Q y⊥r is used to generate the projections of the Halpern Johnson vector on e y , which are parallel and perpendicular to r, respectively. Note that Q r = (Q · r) r is the projection of Q on r and Q y r = (Q · e y )(e y · r)r the component of Q parallel to the projection of the y-axis to the distance vector e y r . Altogether, the term Q r · Q y r denotes the component of Q, which is both along e y and parallel r (or ⊥ r for Q ⊥r · Q y⊥r , respectively).
The
I
sf dωdΨ), gives two direction-dependent contributions to the magnetic structure factor. For the the in-beam magnetization component M x , the magnetic structure factor is given by
with the zeroth-order spherical Bessel function j 0 (qr) = sin(qr)/qr. The structure factor for the in-scatteringplane magnetization components has a different functional form
involving the zeroth-order and first-order spherical Bessel function j 1 (qr) = (sin qr−qr cos qr)/(qr) 3 for the magnetization components M y and M z . The specific weighting between the two contributions to the in-scattering-plane magnetic structure factor is determined by the local microstructure surrounding a particle.
The spatial pair correlation function t(r) = 4πr 2 ρ(r), also observed for nuclear scattering, is determined by the particle density ρ(r) in a distance r from an particle in the origin; the coefficients γ(r) = µ(0) · µ(r) , a(r) = µ ⊥r (0) · µ ⊥r (r) , and b(r) = 2 µ r (0) · µ r (r) − a(r) are the magnetic correlation functions, where the subscript r and ⊥r represent the component of the magnetic moment parallel and perpendicular to the distance vector r [38, 39] . Considering monodisperse, homogeneously magnetized (spherical) particles with particle moments µ = µ · µ, we obtain at zero field for a macroscopically isotropic ensemble (
and at magnetic saturation ( M x = M y = 0)
where F (q) 2 is the effective magnetic particle form factor weighted with the scattering-length density contrast
where η p and η m denote the magnetic scattering length density of particle ("p") and matrix ("m"), respectively [35] . At magnetic saturation M p and M m represent the respective saturation-magnetization values. At zero field, the magnetic scattering length density contrast of a superparamagnetic particle amounts to
p in an effective media with no net magnetization. For the perfect paramagnetic case ignoring possible local short-range order, the magnetic structure factor is unity and only the pure particle form factor is observed.
Regarding S 1 , the term [b(r, H) · j 1 (qr)] describes the scattering arising from structures along the direction of the position vector. For dimer-like structures such as a cluster of only two nanoparticles, this is the only contribution. The other term a(r) probes the structure in the perpendicular direction. It varies between 0 for a disordered system (i.e. if no higher order structure exists) and unity for total homogeneity or at least cubic symmetry structures such that magnetic correlations in orthogonal directions are equal. Thus, a(r) contains information on the local particle environment. The anisotropy of the magnetic structure factor for a disordered microstructure (S 1 = S 0 for a(r) < 1, Eqs. 4 and 5), explains the observed different scattering behavior for | M x | 2 and | M y | 2 at 2 mT (Fig. 2(c) ).
At magnetic saturation, which leads to an in-field aligned array of moments along e z , the structure factor is nominally also S 1 (Eq. 7), which is however not identical to the low field case as the magnetic correlations vary with magnetic field. The usual assumption that nuclear and magnetic structure factor are identical is hence not valid in general. Only at large r (mean medium limit), where a homogeneous microstructure is attained or for a cubic array of particles ( a(r) = 1) , the magnetic structure factors converges to S 0 . For a perfectly aligned array of moments S 0 converges to the nuclear structure factor S N = 1 + t(r)j 0 (qr)dr. This discloses the significant deviation of | M z | 2 from the cross sections detected in low field as well as from the purely nuclear cross section (comparing Fig. 2(c) and Fig. 2(f) ).
To conclude, we deduce here expressions for the magnetic structure factor in small-angle neutron scattering (SANS), which are suited to investigate the local shortrange order and magnetic correlations in clusters and structured assemblies of single-domain nanoparticles. We can show that, due to the projection of the 3D spin ensemble onto the 2D detector plane, the magnetic structure factor is anisotropic for a structurally disordered ensemble (i.e. in absence of three-particle correlations). Neglecting the anisotropic nature of the magnetic structure factor can lead to severe misinterpretation of the spatial magnetization profile, e.g. postulation of an highly textured microstructure even for an isotropic particle arrangement. Our formalism will be adequate to disclose in detail the influence of the magnetic structure factor in small-angle neutron scattering. The theoretical calculations allow to describe the observed results of a polarized SANS experiment on a powder of interacting 10-nm iron oxide nanoparticles. We verify that (i) at low field the structure factor along the beam direction deviates from the in-scattering-plane components and (ii) that close to saturation the magnetic structure factor along the fielddirection deviates from the nuclear structure factor.
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